Abstract: Let u be a hermitian linear functional defined in the linear space of Laurent polynomials and F its corresponding Carathéodory function. We establish the equivalence between a Riccati differential equation with polynomial coefficients for F , zAF ′ = BF 2 + CF + D and a distributional equation for u, 
Introduction
In this paper we introduce the concept of Laguerre-Hahn class of hermitian functionals on the unit circle. Let u be a hermitian regular linear functional defined in the linear space of Laurent polynomials and F the corresponding Carathéodory function. The functional u (respectively, the corresponding Carathéodory function, F ) is said to be Laguerre-Hahn if F satisfies a Riccati differential equation with polynomial coefficients,
We shall call the set of all such functionals (respectively, Carathéodory function, F ) the Laguerre-Hahn class on the unit circle. We remark that the Laguerre-Hahn class on the unit circle can be regarded as an extension of the Laguerre-Hahn class on the real line, studied in [5, 7, 8] .
If B ≡ 0 in (1) we obtain the Laguerre-Hahn affine class on the unit circle (see [2, 3] ). If B ≡ 0 and C, D specific polynomials, we obtain the semi-classical class on the unit circle (see [2, 6, 11] ). Moreover, the LaguerreHahn class on the unit circle includes the class of second degree functionals on 2 BRANQUINHO AND REBOCHO the unit circle (see [4] ) and includes, as we will see on section 3, the linearfractional transformations of Carathéodory functions which are LaguerreHahn.
Analogously to what has been done on the real case (cf. [7, 8] ), we establish the equivalence between (1) and a distributional equation for the corresponding u,
where L is the Lebesgue functional, and B 1 , C 1 , D 1 polynomials defined in terms of A, B, C, D. This paper is organized as follows. In section 2 we give the definitions and introduce some notations which will be used in the forthcoming sections. In section 3 we study the stability in the Laguerre-Hahn class, and give some examples of sequences of polynomial orthogonal with respect to a functional of Laguerre-Hahn type. In section 4 we state some auxiliary results which enable us to establish, in section 5, the equivalence between (1) and (2).
Preliminaries and notations
Let Λ = span {z k : k ∈ Z} be the space of Laurent polynomials with complex coefficients, Λ ′ its algebraic dual space, P = span {z k : k ∈ N} the space of complex polynomials, and T = {z ∈ C : |z| = 1} (or, using the parametrization z = e iθ , T = {e iθ : θ ∈ [0, 2π[ }) the unit circle. Let u ∈ Λ ′ be a linear functional. We denote by u, f the action of u over f ∈ Λ.
Given the sequence of moments (c n ) of u, c n = u, ξ −n , n ∈ Z, c 0 = 1, the minors of the Toeplitz matrix are defined by
Definition 1 (cf. [10] ). The linear functional u is:
As an example of hermitian functional we have the Lebesgue functional, L , defined in terms of its moments by L, ξ −n = δ 0,n , n ∈ Z .
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If u is a positive definite hermitian functional, then there exists a non-trivial probability measure µ supported on the unit circle such that
Definition 2. Let {φ n } be a sequence of complex polynomials with deg(φ n ) = n and u a hermitian linear functional. We say that {φ n } is a sequence of orthogonal polynomials with respect to u (or {φ n } is a sequence of orthogonal polynomials on the unit circle) if
If for each n ∈ N the leading coefficient φ n is 1, then {φ n } is said to be a sequence of monic orthogonal polynomials and will be denoted by MOPS.
Remark . In the positive definite case, as the hermitian functional u has an integral representation in terms of a measure µ, we will also say that {φ n } is orthogonal with respect to µ.
For a polynomial P with degree n, the reciprocal polynomial P * is defined by P * (z) = z n P (1/z) . It is well known (see [10] ) that a given sequence of complex polynomials {φ n } is orthogonal on the unit circle if, and only if, {φ n } satisfy a recurrence relation of the following type,
with |a n | = 1 , and initial conditions φ 0 (z) = 1, φ −1 (z) = 0. Given a sequence of monic orthogonal polynomials {φ n } with respect to u, the sequence of associated polynomials of the second kind {Ω n } is defined by
and verify φ * [10] ).
We consider the formal series associated with the hermitian linear functional u,
Since, for each θ ∈ [0, 2π[, the following expansions take place,
then, taking into account the definition of the moments of u, formally we can write
where u θ , . denotes the action of u over the variable θ, θ ∈ [0, 2π[. Thus, we will also say that the series in (4), (5) formally correspond to the function F u defined by (6) .
In the positive definite case, F u is the Carathéodory function corresponding to u, and is represented by
where µ is the probability measure associated with u.
Next we see some operations in the linear space Λ
, f, g ∈ Λ, the functionals f u and Du, both elements of Λ ′ , are defined by
We remark that if u is hermitian, then Du is also hermitian.
We consider the generating function of the moments for a hermitian functional, u, defined in C \ T by
Then the following relation between the Carathéodory function and the generating function of the moments holds,
The next definition is the analogue of the definition given in [8] for the real case.
be hermitian linear functionals and F u , F v the corresponding generating functions of the moments. The product of u and v, uv, is the functional defined in terms of its moments by
that satisfies
Remark . The functional uv defined by (8) is hermitian.
As a consequence, we get the following result.
Lemma 1. Let u be a hermitian linear functional and F u the corresponding formal Carathéodory function. Then,
Proof : Put u = v in (9) and get, after using (7) that F u 2 + 1 = ((F u ) 2 + 2F u + 1)/2 , and the required follows.
3. Stability in the Laguerre-Hahn class on the unit circle. Examples.
We begin this section studying the stability of the Laguerre-Hahn Carathéodory functions under a special kind of linear-fractional transformations. Theorem 1. Let F 1 be a Carathéodory function satisfying a Riccati differential equations with polynomials coefficients,
and F 2 a linear-fractional transformation of F 1 of the following type
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Thus, if F 2 is a Carathéodory function, then F 2 is Laguerre-Hahn.
Proof : We have (11) we obtain (12) with coefficients given by (13)-(16). Thus, the assertion follows.
Next we see some examples of Laguerre-Hahn sequences. Proof : It is well known that {Ω n } is orthogonal with respect to F 1 = 1/F, with F the Carathéodory function associated to {φ n } (cf. for example [9] ). Thus, the assertion follows from Theorem 1.
Definition 4 (Peherstorfer [9] ). Let {φ n } be a MOPS on the unit circle, (a n ) the corresponding sequence of reflection coefficients and N ∈ N. The sequence {φ N n } defined by (3) with φ N n (0) = a n+N , n = 0, 1, . . . is said to be the sequence of associated polynomials of {φ n } of order N .
Let {φ n } be a MOPS with respect to a Carathéodory function F and {Ω n } be the sequence of orthogonal polynomials of the first kind. In [9] it is established that {φ N n } is orthogonal with respect to the Carathéodory function F N given by
and
Corollary 2. Let F be a Carathéodory function, {φ n } the corresponding MOPS, {Ω n } the sequence of associated polynomials of the second kind and F N the Carathéodory function corresponding to the sequence of associated polynomials of {φ n } of order N , {φ N n } . If F is Laguerre-Hahn and satisfies
then F N is Laguerre-Hahn and satisfies
Proof : From (17) it follows that
F N , and using Theorem 1 the asssertion follows.
Auxiliary results
Next we establish results that will be used in next section. We consider hermitian linear functionals u ∈ Λ and F u the corresponding formal Carathéodory function defined by (6).
Lemma 2 (cf. [2] ). Let u be a hermitian linear functional and A, B polynomials. Then, for all z ∈ C \ T , 
Remark . From (20) and (21) follows P u,B+B = P u,B +P u,B , P u,αB = αP u,B , with α ∈ C and B,B ∈ P.
Lemma 3 (cf. 
where s = max{deg(A), deg(B), deg(C), deg(H)}, and the polynomials A 1 ,
Applying conjugates follows
Therefore, we obtain
and (22) follows.
Conversely, if u satisfies (22), then we successively get for all
Let s = max{deg(A), deg(B), deg(C), deg(H)} , then the last equation is given by
If we write m = k − s and define A 1 , B 1 , C 1 , H 1 as in the statement of the lemma, the equation (24) is given by
and so,
From the definition of D, the previous equation is equivalent to
and we get (23).
Lemma 5. Let u be a hermitian linear functional and F u the corresponding formal Carathéodory function. If F u satisfies zAF
with
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Proof : If we use (19) and (10) in zAF
On the other hand, from (18) and (19) we know that,
and substituting these two equations in (27) we get
Thus, we get (25) with L, H given in (26). 
, and L, H are defined in (26).
conjugates and the transformation Z = 1/z to previous equation we get
Summing (25) with (28) we get
Therefore, if we compute the moments of the hermitian functional
(using the asymptotic expansion of ξ + z ξ − z in |z| < 1 and in |z| > 1) we get
From Lemma 4 we obtain the required functional equation.
If we take B = 0 in previous Theorem we obtain the result for the LaguerreHahn affine class. 
The characterization theorem
with E(z) = −2izH(z) I(z) , where
Conversely, if F u satisfies the differential equations (29), then u satisfies the distributional equation
where L is the Lebesgue functional.
Proof : If we substitute D(Au) = Bu
From (18) follows
Since ξHL,
and, in |z| > 1, (31) is equivalent to
Using (10) we get (29). We now prove the converse. If F satisfies
then, from (25), we get V, ξ + z ξ − z = 2zH I(z) with V = D(Au) − Bu 2 − Cu .
Using the asymptotic expansion of ξ + z ξ − z , in |z| < 1 and in |z| > 1, the two previous equations are, respectively, equivalent to V, 1 + 2
Writing zH(z) = h 1 z + · · · + h l z and, from (33) we get
Finally, from (34) and (35), we conclude that V = zHL and (30) holds.
If we do B = 0 in previous Theorem we get the following result to the Laguerre-Hahn affine class (see [2, 3] ). for z ∈ C \ T, with E(z) = −2izH(z) I(z) . Conversely, if F u satisfies (36), then u satisfies D(Au) = Cu + ξH(ξ)L .
As a consequence of previous Theorem, we get a characterization for semiclassical functionals (see [2] ).
Corollary 5. Let u be a hermitian linear functional and F the corresponding formal Carathéodory function, satisfying a differential equation with polynomial coefficients zA(z)F ′ (z) = (−zA ′ (z) − iC(z))F (z) + P (z) , z ∈ C \ T .
A necessary and sufficient condition for u to be semi-classical and satisfy D(Au) = Cu is that the polynomial P of (37) satisfy P = zQ u,A − iP u,C , where Q u,A and P u,C are given by (20) and (21).
